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Axisymmetric Equation of

Equilibrium
(Geometry)

: p. =internal pressure

0 = angular position coordinate

1 r = radial position coordinate

u = displacement 1n r - direction

v = displacement 1n 0 - direction

Axisymmetric = Nothing varies in the 0 - direction.
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Ugural, Fig. 8.1(a)



Axisymmetric Equation of

Equilibrium
(Differential Element)
dg/2

90 \ a~,+-§7"dr
AN,

ot

=0, due to axisymmetric constraint

T, = 0, due to stress compatibility

Ugural, Fig. 8.1(b)



Axisymmetric Equation of
Equilibrium

(Gr + 95, drj [ﬂr + dr)d@ [dz- 20, sin(?)drdz -o, [1d0 [dz + Frd0 [dr Ldz =0

or

F. =radial body force per unit volume



Strain Displacement Equations

dr+a—udr—dr
or _du

' dr dr




Constitutive Equations

Hooke' s Law

Stress-Strain equations are often
referred to as constitutive
equations, because they depend
on what the part 1s made of.

The equilibrium and strain-
displacement equations are
independent of the material.

Webster, “constitutive - making
a thing what 1t 1s, essential”



Summary of
Axisymmetric Equations

Equilibrium Equation Constitutive Equations
1
dGr+Gr_Ge +F =0 8r:E(Gr_VGG)
dr r '
1
N - €9 __(Ge_vcr)
Strain-Displacement Equations E

8_du -
=—, g =—
©dr r



Thick Walled Cylinders

(Displacement Differential Equation)

E

7 Grzl_vz (8r+V89)
E

Gy = 1=y (89 +V8r)

e o 4

a =1nside radius

b = outside radius

p; =internal pressure

p, = external pressure
Ugural, Fig. 8.2



Thick Walled Cylinders

(General Solution & Boundary Conditions)

d*u _I_ldu ~u

dr? rdr r°

General Solution

C
u=Cr+—=
r

0

Ugural, Fig. 8.2



Thick Walled Cylinders

(Boundary Conditions)
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Ugural, Fig. 8.2



Thick Walled Cylinders

(Lame' Equations)

) __ap b, (b —p,)a’b’
J\r " bi-a? (b - a)r
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Ugural, Fig. 8.2



Longitudinal Strain
(Unconstrained and Open Ends)

1
g, = E(G — VG, —VGG)
Ends are unconstrained

and open,c, =0

e )

Gr +GO

_—2vIC,

1—v

Note that 6, + 6, = Constant



Longitudinal Stress
(Constrained Ends)

2E
o Gr+09:ﬁ[cl(l+v)]
SZ—O_E(GZ_VGr_VGO) v
2EC
s, =v(s, +o,) GZ:V(I—\:)
a’p, —b’p,
E 1_ GZ :2\}[ 2 .2 j
1=y {Cl(HV)_CZ( rzvﬂ T
E 1-
= — {C1(1+v)+C2( rzvﬂ Note that 6, = Constant



L ongitudinal Stress
(Closed and Unconstrained Ends)

_____________________________




Special Cases

Internal Pressure Only

2 2
o = d pi [1 —b_j
rT 2o g2 2

2 2
% :bi—p;z (H%)

o, =0, unconstrained

External Pressure Only

o, =0, unconstrained

2
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Stress Variation
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Internal Pressure Only

External Pressure Only

Ugural, Fig. 8.3



Assignment

Show that the Lame’ equations for the case of
internal pressure reduce to the equations for a thin
walled cylinder when the ratio b/a approaches 1.

. A thick walled cylinder with 12 and 16 inch internal
and external diameters 1s fabricated of a material
whose tensile yield strength 1s 36 ksi and Poisson’s
ratio 1s 0.3. Calculate the von Mises stress when the
internal pressure 1s 10 ksi. The cylinder has closed
but unconstrained ends. Will the material yield?



