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This document is designed to serve as a brief rubric for the group leader of a mini-course in graph coloring.  The intended audience has elementary problem solving skills, and is familiar with Polya’s problem solving principles.  The intended audience has a high school reading level, and at least some familiarity with college level mathematics.  Upon successful completion of this mini-course, participants should be able to incorporate elementary graph theory techniques into their problem solving strategy repertoire.  These techniques include: rewriting a relationship or scheduling problem as a graph, coloring a graph to solve a scheduling type problem, counting degrees of vertices to identify clues about the behavior of a graph, and recognizing patterns in graphs.
Supplies Needed (for group leader):

1 overhead projector

Slides with example questions

Blank Slides

1 pack of vis-à-vis markers

Supplies Needed (for each set of students):

Definition sheet

White board

4 different colored dry erase markers

Take home sheet

We open with a sample problem:
Example 1:

Eight people are going on a road trip and must divide the group into different vehicles so that

· Alan is not in the same car with Chuck.

· Bob is not in the same car with Dave.

· Chuck is not in the same car with Edgar.

· Bob is not in the same car with Fred.

· Edgar is not in the same car with Hal.

· Dave is not in the same car with George.

· Alan is not in the same car with Fred.

· Chuck is not in the same car with George.

· Alan is not in the same car with Hal.

· Dave is not in the same car with Hal.

· Edgar is not in the same car with Fred.

· George is not in the same car with Hal.

Question: How many vehicles are needed?
Question: Who should be in each vehicle?

Using a standard “guess and check” method, or even a more logical progression, we see that this problem will take us more than a minute to solve.

In the previous example, there were eight boys, and a collection of rivalries.  We can rewrite the statement of the problem with the eight boys represented by eight vertices, and each rivalry by an edge.

Show the first few vertices and edges.
Pause and let them draw the rivalry graph.  

Have them compare graphs.

One technique that can be used to simplify these “scheduling problems” is to represent the problem as a Graph Theory question.

A graph in this context is not the Cartesian picture traditionally used, but rather a mathematical set of vertices and edges.
A vertex (pl. vertices) looks like a dot, and an edge looks like a line.  A vertex will be used to represent an object or person, and an edge will represent a relationship between two vertices. 

We still wish to separate these boys into cars.  Graph theoretically, we are going to use a technique called graph coloring.
Return to Example 1.
Randomly coloring the vertices doesn’t seem to help us, but if we properly color the vertices, we’ll see several useful groupings.  To properly color, we will assign a label to each vertex so that its neighbors (determined by incident edges, not geography) have different labels than itself.  In short, no edge has two ends both the same color.

Question: How many colors are needed?
Question: Which vertices are in each color class?

Return to Example 1.

Question: How many vehicles are needed?

Question: Who should be in each vehicle?

The groupings are intuitively obvious by color class.  
Participants should identify vehicles with color classes and sets of passengers with subsets of the vertex set.

Let’s try another example.
Example 2:

Mr. Bueller is trying to divide his students into groups for a science project.  

· Ian and Lou cannot work together.

· Jen and May cannot work together.

· Kay and Lou cannot work together.

· Jen and Ned cannot work together.

· Ian and May cannot work together.

· Jen and Lou cannot work together.

· May and Ned cannot work together.

Question: What is the least number of groups he can use?
Question: Who should be in each group?

Share your answer.

Notice that not everyone has the exact same solution.  Colorings of graphs are not always unique.
Compare solutions among students, and ask “which is the best answer?”

Clearly this is a trick question, as there are no parameters for goodness, but by virtue of the context of the story problem, we can lean toward a balanced coloring of the vertices.  A balanced proper coloring is a coloring of the vertices in which each color appears nearly the same number of times.

Example 3:

Yesterday I went to the grocery store and had to bag my own groceries.

· A dozen eggs cannot be bagged with a gallon of milk.

· A loaf of bread cannot be bagged with cans of soup.

· A gallon of ice cream cannot be bagged with hot rotisserie chicken.

· A gallon of milk cannot be bagged with hot rotisserie chicken.

· Cans of soup cannot be bagged with a dozen eggs.

· A bag of spaghetti noodles cannot be bagged with cans of soup.

· A dozen eggs cannot be bagged with hot rotisserie chicken.

· A gallon of ice cream cannot be bagged with a loaf of bread.

Question: Can we find a balanced solution?

Question: Can you draw a graph that requires six or more colors to properly color?

Example 4:

Angie is trying to arrange her friends into eclectic teams for a series of upcoming game shows.

· Angie, Ian, and John all studied Latin.

· Ian, Matt, and Sarah all studied Mathematics.

· Angie, Matt, and Randy all studied Politics.

· Dave, Randy, and Sarah all studied Physical Education.

· Dave, John, and Matt all studied Botany.

Question: How can she arrange them into teams so that there are no skill repetitions on any team?

True Fact:  
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We should be able to predict an upper bound for the number of colors by examining the maximum degree of the graph.

Try to predict the number of colors needed here?

Can you use fewer than that number?
Example 5:
There are 8 classes meeting in the Humanities building this semester.  How can we assign them to classrooms using the fewest rooms, if we have the following restrictions?
· Biology meets 8-9:20 TW
· Chemistry meets 8-10:50 M
· English 8-9:50 M, 8-8:50 T
· History 9-10:20 TR
· Latin 8:30-9:50 MW
· Math 8:30-9:50 MR
· Physics 9-9:50 W, 8-9:50 F
· Psychology 9-11:50 T
Question:  How can these classes be scheduled into rooms?

List of Definitions:

Adjacent – two vertices are adjacent if they share an edge; two edges are adjacent if they share a vertex

Balanced proper coloring of a graph – a proper coloring of a graph in which the number of vertices in each color class is as similar as possible

Chromatic number of a graph – 
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 (chi) is the fewest number of labels or colors needed to properly color the graph

Color – a label assigned to a vertex 

Color class – a set of vertices of a graph with the same label

Coloring of a graph – an assignment of labels to all of the vertices (Formally, we can also look at edge colorings, where we assign labels to edges, face colorings, or total colorings.  
Degree of a vertex – the number of edges incident to a vertex.

Edge – a line between two vertices used to represent a relationship

Graph – a set of vertices and a set of edges, where each edge has two endpoints from the vertex set.
Incident – an edge and a vertex are incident if the vertex is an endpoint of the edge (if they meet)
Maximum degree - 
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(Delta) the largest degree in a graph

Minimal proper coloring of a graph – a proper coloring of a graph using the minimum number of distinct labels

Proper coloring of a graph – an assignment of labels to the vertices of a graph so that no two adjacent vertices have the same label

Vertex – a point or a dot used to represent an object or person in a graph
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Color Maps with just 4 colors?  Find a path around town that uses every bridge or visits every building exactly once?  Learn how!
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