
First order 
differential 
equations



Separable

Form:  the variables can be 
separated--  i.e. the DE can be 
written in the form 

f (x) dx = g(y) dy

Method:  
1.  Separate the variables.  
2.  Integrate both sides.

Example:
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Exact

Form:  

Method:  
solutions to this D.E. will be the 
level curves to a surface

satisfying:

Example:
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Not quite exact

Form:  

Method:

Multiply through b y

Example:
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The resulting equation is exact.

(special integrating factors)
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Homogeneous

Form:  

Method:
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Example:
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=
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=

1
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á
x

y
!

y

x
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=

1
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!
1
3
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dx
=
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!

1
x
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3
8

ln(1 ! 4v2) = ln(x) + k

=" (1 ! 4v2)! 3/ 8 = Cx

"
1 !
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3
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=
1
3

· x
y

!
y
x

v + x
dv
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=
1
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!
1
3

v =" x
dv
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=
1 ! 4v2
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!

3v
1 ! 4v2

dv =
!

1
x

dx

=" !
3
8

ln(1 ! 4v2) = ln(x) + k

=" (1 ! 4v2)! 3/ 8 = Cx

"
1 !
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dy
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=
1
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á
x
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!
y
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v + x
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=
1
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!
1
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=
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!
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!

1
x

dx
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3
8

ln(1 ! 4v2) = ln(x) + k

=" (1 ! 4v2)! 3/ 8 = Cx

"
1 !

4y2

x2

# ! 3/ 8

= Cx

3
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substitute

Bernoulli

Form:  

Method:

divide through by

Example:

dy
dx

+ P(x)y = Q(x)yn

y
n

y−n
dy
dx

+ P(x)y1−n = Q(x)

v = y1! n

1
1 ! n

dv
dx

+ P(x)v = Q(x)

The resulting equation is linear:

dy
dx

=
1
3

· x
y

!
y
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v + x
dv
dx
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!
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=" (1 ! 4v2)! 3/ 8 = Cx

"
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dx

+
y
x

= x2y2

y! 2 dy
dx

+ x! 1y! 1 = x2

v = y! 1 ="
dv
dx

= ! y! 2 · dy
dx

!
dv
dx

+ x! 1v = x2 ="
dv
dx

! x! 1v = ! x2

µ = e
R

! x−1 dx = e! ln( x) = x! 1

x! 1 dv
dx

! x! 2v = ! x

d
dx

$
x! 1v

%
= ! x =" x! 1v = !

x2

2
+ k

v =
! x3 + 2kx

2
=" y =

2
! x3 + 2kx

y =
2

Cx ! x3

3
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2
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2
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dy
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1
3

· x
y

!
y
x

v + x
dv
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=
1
3v

!
1
3

v =" x
dv
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=
1 ! 4v2
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∫

3v
1 ! 4v2
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1
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3
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=" (1 ! 4v2)−3/ 8 = Cx

(
1 !
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y
x
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